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ABSTRACT 

We find a general principle which allows one to compute the area of the horizon of 
N=2 extremal black holes as an extremum of the central charge. One considers the 
ADM mass equal to the central charge as a function of electric and magnetic charges 
and moduli and extremizes this function in the moduli space (a minimum corresponds 
to a fixed point of attraction). The extremal value of the square of the central charge 
provides the area of the horizon, which depends only on electric and magnetic charges. 

The doubling of unbroken supersymmetry at the fixed point of attraction for N=2 
black holes near the horizon is derived via conformal flatness of the Bertotti- Robinson- 
type geometry. These results provide an explicit model independent expression for 
the macroscopic Bekenstein-Hawking entropy of N=2 black holes which is manifestly 
duality invariant. The presence of hypermultiplets in the solution does not affect the 
area formula. Various examples of the general formula are displayed. We outline the 
attractor mechanism in N=4,8 supersymmetries and the relation to the N=2 case. 
The entropy-area formula in five dimensions, recently discussed in the literature, is 
also seen to be obtained by extremizing the 5d central charge. 
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1 Introduction 



Supersymmetry seems to be related to dynamical systems with fixed points describing the equi- 
librium and stability^. The particular property of the long-term behavior of dynamical flows in 
dissipative systems is the following: in approaching the attractors the orbits lose practically all 
memory of their initial conditions, even though the dynamics is strictly deterministic. 

The first known to us example of such attractor behavior in the supersymmetric system 
was discovered in the context of N=2 extremal black holes |jl|, |^. The corresponding motion 
describes the behavior of the moduli fields as they approach the core of the black hole. They 
evolve according to a damped geodesic equation (see eq. (20) in until they run into the 
fixed point near the black hole horizon. The moduli at fixed points were shown to be given as 
ratios of charges in the pure magnetic case [|l|. Recently Strominger has further shown that this 
phenomenon extends to the generic case when both electric and magnetic charges are present 0| . 
The inverse distance to the horizon plays the role of the evolution parameter in the corresponding 
attractor. By the time moduli reach the horizon they lose completely the information about the 
initial conditions, i.e. about their values far away from the black hole, which correspond to the 
values of various coupling constants, see Fig.l. 

The main result of this paper is the derivation of the universal property of the stable fixed 
point of the supersymmetric attractors: fixed point is defined by the new principle of a minimal 
central charg^ and the area of the horizon is proportional to the square of the central charge, 
computed at the point where it is extremized in the moduli space. In N=2, d=4 theories, which is 
the main object of our study in this paper, the extremization has to be performed in the moduli 
space of the special geometry and is illustrated in Fig. 1. This results in the following formula 
for the Bekenstein-Hawking entropy S, which is proportional to the quarter of the area of the 
horizon: 

S = ^ = n\Z^,\\ d = 4. (1) 

This result allows generalization for higher dimensions, for example, in five- dimensional space- 
time one has 

S=^r^\Z,^f\ d = 5. (2) 

There exists a beautiful phenomenon in the black hole physics: according to the no-hair 
theorem, there is a limited number of parameters^ which describe space and physical fields far 
away from the black hole. In application to the recently studied black holes in string theory, 
these parameters include the mass, the electric and magnetic charges, and the asymptotic values 
of the scalar fields. 

point xfix where the phase velocity v{xti-x_) is vanishing is named a fixed point and represents the system in 
equihbrium, v{x{i-x) = 0. The fixed point is said to be an attractor of some motion x{t) if hmj^oo x{t) = Xfi-^{t). 

^We are assuming that the extremum is a minimum, as it can be exphcitly verified in some models. However 
for the time being we cannot exclude situations with different extrema or even where the equation DiZ = has 
no solutions. 

^This number can be quite large, e.g. for N=8 supersymmetry one can have 56 charges and 70 moduli. 
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It appears that for supersymmetric black holes one can prove a new, stronger version of the 
no-hair theorem: black holes lose all their scalar hair near the horizon. Black hole solutions near 
the horizon are characterized only by those discrete parameters which correspond to conserved 
charges associated with gauge symmetries, but not by the values of the scalar fields at infinity 
which may change continuously. 

A simple example of this attractor mechanism is given by the dilatonic black holes of the 
heterotic string theory ||^, |], see Sec. 4 for details. The modulus of the central charge in question 
which is equal to the ADM mass is given by the formula 

MADM = \Z\ = ]^{e-^M+e^^\q\) . (3) 

In application to this case the general theory, developed in this paper gives the following recipe 
to get the area 

i) Find the extremum of the modulus of the central charge as a function of a dilaton e^*^" = 
at fixed charges 

— \Z\{g,p,q) = -— {-\p\+g\q\\ = --\p\ + \q\ = 0. (4) 



ii) Get the fixed value of the moduli 



(5) 



iii) Insert the fixed value into your central charge formula (|^) , get the fixed value of the central 
charge: the square of it is proportional to the area of the horizon and defines the Bekenstein- 
Hawking entropy 

•5 = J = vr|Zfixp = 7r\pq\ . (6) 
This indeed coincides with the result obtained before by completely different methods 

In general supersymmetric N=2 black holes have an ADM mass M depending on charges 
{p,q) as well as on moduli z through the holomorphic symplectic sections (^X^{z), Fa{z)^ , see 
Appendix. The moduli present the values of the scalar fields of the theory far away from the black 
hole. The general formula for the mass of the state with one half of unbroken supersymmetry of 
N=2 supergravity interacting with vector multiplets as well as with hyper mult iplets is 0-0 

= \Z\^ , (7) 

where the central charge is |^ 

Z{z,z,q,p) = e^(X^(z)gA - Fa(z)/) = (LV - Ma/) , (8) 

so that 

MIdm = \Z? = Ml^^,{z,z,p,q) . (9) 
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The area, however, is only charge dependent: 



A = A{p,q). (10) 

This happens since the values of the moduli near the horizon are driven to the fixed point defined 
by the ratios of the charges. This mechanism was explained before in and on the basis of 
the conformal gauge formulation of N=2 theory [0]. 

This attractor mechanism is by no means an exclusive property of only N=2 theory in four 
dimensions. Our analysis suggests that it may be a quite universal phenomenon in any super- 
symmetric theory. The main purpose of this paper is to investigate the attractor mechanism in 
the symplectic covariant form of N=2 theory, to analyse the attractors of N=4 and N=8 theory, 
and to reinterpret them in terms of N=2 theory. 

In this paper we will use the "coordinate free" formulation of the special geometry p, ||, ^ 
which will allow us to present a symplectic invariant description of the system. We will be able 
to show that the unbroken supersymmetry requires the fixed point of attraction to be defined by 
the solution of the duality symmetric equation 



which implies, see Appendix, 



D,Z = (9, + \k{)Z{z, z,p,q) = 0, (li; 



d 

\Z\=0 (12) 



at 



z(L''ip,q),M^{p,q),p,q) . (13) 



Equation di\Z\ = exhibits the minimal area principle in the sense that the area is defined 
by the extremum of the central charge in the moduli space of the special geometry, see Fig. 2 
illustrating this point. Upon substitution of this extremal values of the moduli into the square of 
the central charge we get the Bekenstein-Hawking entropy, 

S=^ = n\Z^^\'. (14) 

The area of the black hole horizon has also an interpretation as the mass of the Bertotti- Robinson 
universe [|TU| describing the near horizon geometry. 



A/4n = . (15) 

This mass, as different from the ADM mass, depends only on charges since the moduli near the 
horizon are in their fixed point equilibrium positions, 

M|^=|Zfi.p = M|^(p,g). (16) 

Note that in the Einstein-Maxwell system without scalar fields the ADM mass of the extreme 
supersymmetric black hole simply coincides with the Bertotti-Robinson one, both being functions 
of charges: 

MlnMiP,Q)=M],j,{p,q) . (17) 
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We will describe below a near horizon black holes of N=2 supergravity interacting with vector 
and hyper multiplets. The basic difference from the pure N=2 supergravity solutions comes 
from the following: the metric near the horizon is of the Bertotti-Robinson type, as before. 
However, the requirement of unbroken supersymmetry and duality symmetry forces the moduli 
to become functions of the ratios of charges, i.e. take the fixed point values. We will describe 
these configurations, show that they provide the restoration of full unbroken N=2 supersymmetry 
near the horizon. We will call them N=2 attractors, see Sec. 2. In Sec. 3 we will analyse some of 
N=4 and N=8 attractors and provide their interpretation from the point of view of N=2 theory. 
In Sec. 4 examples of N=4 and N=8 attractors will be presented using in each case the parameters 
("attractor variables") which allow to demonstrate explicitly the dependence of the ADM mass 
on charges as well as on moduli and the independence of the area on moduli. In the last section 
we make some remarks on the possible developments of ideas of this paper in the context of 
looking for the general links between the microscopic and macroscopic physics in super symmetric 
theories. Appendix contains a short resume of special geometry. 



2 N=2 Attractor 



The special role of the Bertotti-Robinson metric in the context of the solitons in supergravity was 



explained by Gibbons |TT|. He suggested to consider the Bertotti-Robinson (BTZ) metric as an 
alternative, maximally supersymmetric, vacuum state. The extreme Reissner-Nordstrom metric 
spatially interpolates between this vacuum and the trivial flat one, as one expects from a soliton. 

Near the horizon all N=2 extremal black holes with one half of unbroken supersymmetry 
restore the complete N=2 unbroken supersymmetry. This phenomenon of the doubling of the 



supersymmetry near the horizon was discovered in the Einstein-Maxwell system in [|r^. It was 
explained in ||12| that the manifestation of this doubling of unbroken supersymmetry is the ap- 
pearance of a covariantly constant on shell superfield of N=2 supergravity. In presence of a 
dilaton this mechanism was studied in [|1^ . In the context of exact four-dimensional black holes, 
string theory and conformal theory on the world-sheet the BTZ space-time was studied in ||14|| . 
In more general setting the idea of vacuum interpolation in supergravity via super p-branes was 
developed in |jl5|. 



We will show here using the most general supersymmetric system of N=2 supergravity inter- 
acting with vector multiplets and hypermultiplets how this doubling of supersymmetry occurs 
and what is the role of attractors in this picture. The supersymmetry transformation for the 
gravitino, for the gaugino and for the hyperino are given in the manifestly symplectic covariant 
formalism ^ in absence of fermions and in absence of gauging as follows: 



All = J^fitA -\- tAB-L 



^The notation are given in 
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where A*^, tpApL are the chiral gaugino and gravitino fields, is a hyperino, eA , are the chiral 
and antichiral supersymmetry parameters respectively, e"^^ is the SO (2) Ricci tensor. The moduli 
dependent duality invariant combinations of field strength T^, JF*~ are defined by eqs. (^Tj), U^^^ 



is the quaternionic vielbein [|T6 



Our goal is to find solutions with unbroken N=2 supersymmetry. The first one is a standard 
fiat vacuum: the metric is fiat, there are no vector fields, and all scalar fields in the vector 
multiplets as well as in the hypermultiplets take arbitrary constant values: 

ds' = dx^dx^T]^, , T^- = J-;; = , z' = zi, g" = go" • (19) 

This solves the Killing conditions dipA^i = ^A*"^ = 5Ca = with constant unconstrained values 
of the supersymmetry parameter e^. The unbroken supersymmetry manifests itself in the fact 
that each non-vanishing scalar field represents the first component of a covariantly constant N=2 
superfield for the vector and/or hyper multiplet, but the supergravity superfield vanishes. 

The second solution with unbroken supersymmetry is much more sophisticated. First, let us 
solve the equations for the gaugino and hyperino by using only a part of the previous ansatz: 

J-;; = 0, d,z' = ^, d,q^ = 0. (20) 

The Killing equation for the gravitino is not gauge invariant. We may therefore consider the 



variation of the gravitino field strength the way it was done in [|12| , p!3[| . Our ansatz for the metric 
will be to use the geometry with the vanishing scalar curvature and Weyl tensor and covariantly 
constant graviphoton field strength : 

R = 0, C^.A5 = 0, V^{T-) = 0. (21) 



It was explained in [1^, |13| that such configuration corresponds to a covariantly constant superfield 
of N=2 supergravity Waf3{x, 6), whose first component is given by a two-component graviphoton 
field strength Tap. The doubling of supersymmetries near the horizon happens by the following 
reason. The algebraic condition for the choice of broken versus unbroken supersymmetry is 
given in terms of the combination of the Weyl tensor plus or minus a covariant derivative of the 
graviphoton field strength, depending on the sign of the charge. However, near the horizon both 
the Weyl curvature as well as the vector part vanish. Therefore both supersymmetries are restored 
and we simply have a covariantly constant superfield Waf3{x,6). The new feature of the generic 
configurations which include vector and hyper multiplets is that in addition to a covariantly 
constant superfield of supergravity Wa/3{x,9), we have covariantly constant superfields, whose 
first component is given by the scalars of the corresponding multiplets. However, now as different 
from the trivial flat vacuum, which admits any values of the scalars, we have to satisfy the 
consistency conditions for our solution, which requires that the Ricci tensor is deflned by the 
product of graviphoton fleld strengths, 

Ra0a'P' = , (22) 

and that the vector multiplet vector fleld strength vanishes 

= . (23) 
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Before analysing these two consistency conditions in terms of symplectic structures of the theory, 
let us describe the black hole metric near the horizon. 

The explicit form of the metric is taken as a limit near the horizon r = |x| — ^ of the black 
hole metric 

ds^ = -e^u^^i ^ ^-2U^^2 ^ (24) 

where 

Ae"^ = . (25) 

We choose 



= = ^ > (26) 



A _ M2 
47r|a;P 

where the Bertotti-Robinson mass is defined by the black hole area of the horizon 



^Bn = ^- (27) 



We may show that this metric, which is the Bertotti-Robinson metric 



|f|2 ]\^2 

dslj, = -j^df + -r^dx' , (28) 

BR I I 

is conformally fiat in the properly chosen coordinate system. In spherically symmetric coordinate 
system 

dsl^ = -TT^dt' + -^{dr' + r^dQ) . (29) 

After the change of variables r = M^^^/p and = M]jj^/\y\ the metric becomes obviously 
conformally fiat 

dsl^ = -^de + ^(V + P'dn) = ^{-df + df) , (30) 

p p \y\ 

which is in agreement with the vanishing of the Weyl tensor. 

Now we are ready to describe our solution in terms of symplectic structures, as defined in . 
The symplectic structure of the equations of motion comes by defining the Sp(2?T,y + 2) symplectic 
(antiselfdual) vector field strength {J^~^,Q]^). 

Two symplectic invariant combinations of the symplectic field strength vectors are: 

T- = MaJ^-^-L^QX 

jr-i ^ G'\D-MaT-^ - DjL^Q],) . (31) 
The central charge as well as the covariant derivative of the central charge are defined as follows: 



and 

= Da = -]-[ J'+'^Gq . (33) 
Z J S2 

The central charge, as well as its derivative, are functions of moduli and electric and magnetic 



charges. The objects defined by eqs. (31) have the physical meaning of being the (moduli- 
dependent) vector combinations which appear in the gravitino and gaugino supersymmetry trans- 
formations respectively. In the generic point of the moduli space there are two symplectic invari- 
ants homogeneous of degree 2 in electric and magnetic charges 0: 

h = \Z\^ + \DiZW 



Note that 



ZY-\DiZY. (34) 



h = h{p,q,z,z) = -^P'MiAf)P , 

h = I2{p,q,z,z) = -^P'M{J^)P . (35) 



Here P = {p, q) and M.{N') is the real symplectic 2n + 2 x 2n + 2 matrix 



A B 
C D 

where 

A = ImA/" + ReTVlmA/'-^ReA/' , B = -ReMlmM'^ 



(36) 



C = -lm^^-^Re^^ , D = lmM~^ . (37) 

The vector kinetic matrix Af is defined in Appendix. The same type of matrix appears in (pSj) 
with M ^ T = -Fas. Both A/", T are Kahler invariant functions, which means that they depend 
only on ratios of sections, i.e. only on t^, /a, see Appendix. 

The unbroken supersymmetry of the near horizon black hole requires the consistency condition 
(p3|), which is also a statement about the fixed point for the scalars z^ir) as functions of the 
distance from the horizon r 

|-(z*(r))=0 ^ A^ = 0. (38) 

Thus the fixed point is defined due to supersymmetry by the vanishing of the covariant derivative 
of the central charge. At this point the critical values of moduli become functions of charges, and 
two symplectic invariants become equal to each other: 

-^Ifix = -^2fix = {\Z\'^)DiZ=0 = l^fixP • (39) 
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The way to explicitly compute the above is by solving in a gauge-invariant fashion eq. (|38|), 

D-Z = D-L'^q^ - ^A^D-,LY = . (40) 
By contracting with DiLPG^'^ and using the property 

D,L^G''DjL^ = -\\m{M-^f^ - L^L^ (41) 

we get 

2ZL^ = ip^ - lm{U-^f^ QA + lra{^^-'f^ ReN'rA • (42) 
Here we used the fact that Z = L^qa — MaP^- This finally gives 

2iZL^ =p^ + i{lmM-^ Re^^ p + ImAf-^ q)^ , (43) 

and 

2iZMs = gs + iilmAf p + ReAf ImM'^ ReAfp - ReAf IrnAf'^ g)s , (44) 

so that 

p^ = i{ZL^ - ZL^) , qa = i{ZMA - ZMa) • (45) 

From the above equations it is evident that (p, q) determine the sections up to a (Kahler) 
gauge transformation (which can be fixed setting = e^^^). Vice versa the fixed point can 
only depend on ratios of charges since the equations are homogeneous in p,q. 

The first invariant provides an elegant expression of \Zfy^ which only involves the charges 
and the vector kinetic matrix at the fixed point A/fix = M (^t^c) ^fix) /aax, /aax)- 

(JOfix = (I^P + lA^Hfix = -ip*^(Arfix)P = (iZfixH . (46) 

Indeed eq. ( ^6[ ) can be explicitly verified by using eq. ([471). For magnetic solutions the area 
formula was derived in This formula presents the area as the function of the zero component 
of the magnetic charge and of the Kahler potential at the fixed pointQ 

A = 7r(p0)2e-^ . (47) 

In the symplectic invariant formalism we may check that the area formula (^) which is valid 
for the magnetic solutions (or for generic solutions but in a specific gauge only) indeed can be 
brought to the symplectic invariant form 

A = Triple-'' = 47r(|Z|2 + | A^Hfix = M\Zr.\^) = -2TTpHmJ^Ai:p'' • (48) 

One can also check the first consistency condition of unbroken supersymmetry (|22|) , which 
relates the Ricci tensor to the graviphoton. Using the definition of the central charge in the fixed 

^In this paper we have a normahzation of charges which is different from due to the use of the conventions 
of § and not §. 
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point we are lead to the formula for the area of the horizon (which is defined via the mass of the 
Bertotti-Robinson geometry) in the following form 

ML = ^ = (|ZrW=o , S = ^ = nMl^. (49) 

The new area formula (|^) has various advantages following from manifest symplectic sym- 
metry. It also implies the principle of the minimal mass of the Bertotti-Robinson universe, which 
is given by the extremum in the moduli space of the special geometry. 

d.MBR = . (50) 



3 N=4,8 N=2 

Pure N=4 supergravity consists of N=2 supergravity and one N=2 vector multiplet. This can 
be regarded as a SU{2) x SU{4) invariant truncation of N=8. The N=4 theory exists in two 
formulations, the SO (4) and S'f/(4). They are related by duality 0, but for our purpose it is 
important to observe that the first corresponds to a prepotential F{X) = —iX'^X^, while the 
second has no prepotential and corresponds to a symplectic change of the basis: 

X° = X° , Fo = Fo , X' = -Fi , F, = X' . (51) 

The charges in these two theories are 

1) SO{A) 

Po , pi=poRet , 

The central charge at the fixed point is |Zfix 
two magnetic charges. 

2) SU{A) 

Po , Pi = , go = Po Imt , Qi = Po Ret . (53) 

In these equations t = The central charge at the fixed point is iZgxP = p^Ret = p^qi and 
is given by the product of electric and magnetic charge. This is expected for the dilatonic black 
hole, see next section. 

In what follows we would like to outline some results concerning the attractive behavior of N=2 
theory and N=8 theory by taking a consistent N=2 reductions of N=8. In this way one can easily 
obtain N=2 models with variety of vector and hyper multiplets. The particle decomposition 
of N=8 to N=2 gives fifteen vector multiplets, n„ = 15, and ten hyper multiplets, Uh = 10. 
Therefore any model will have those numbers as upper bounds for vector and hyper multiplets. 
To get a consistent truncation one must choose a subgroup H of SU (8) such that the two residual 
supersymmetries are H-singlets. The H invariant states will then give a consistent N=2 theory. In 



go = , gi =Po Imt . (52) 
= p^Re t = popi and is given by the product of the 
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particular, the scalar field manifold will be a subspace of -g§J^ of the form S{ny) x Q{nh), where 
<S{ny) , Q{nh) are special and quaternionic manifolds of complex and quaternionic dimensions 
ny,nh respectively. 

A convenient way for obtaining such theories is by considering the untwisted moduli of ^ 
orbifolds with H = C SU{3). In this way, by considering type II A, II B theories on such 
orbifolds, one obtains pairs of models related by c-map [T^ 

(nt <) , (nf = - 1, < = + 1) (54) 

where = h^^, = + 1- Here /i^i, are Hodge numbers of the untwisted moduli. This 
implies that can be at most 9 (because n^'"^^ = 10). The bound is saturated for the ^ orbifold 
for which 

rijj = 9,nh = I , OT riy = 0, = 10 (55) 

in type II A, II B respectively. Since the hyper mult iplets do not matter at the level of N=2 theory 
this appears to be the richest example. In the two cases: 

1^ cf„ - _ ^^(3.3) Q( -D- SU{2,i) 

2) Q(n, = 10) = sfmhm ■ 



The N=8 area formula |]22| is a square-root of a quartic invariant constructed out of 56 Zab 
central charges, under N=2 reductions SU{8) =^ SU{2) x SU (6) we get 

Z^B^ (1,1) + (2, 6) + (1,15) , 

so that the SU{2) invariant part is {Z, Zi). Z is the N=2 central charge and all Zi = DiZ vanish 
at the fixed point. In this way we necessarily get 

as expected. Indeed, working out a couple of models and examples, which are consistent trun- 
cation of N=8, SU{8) supergravity, we reproduced the result given by the Ei invariant formula 



22|. In the first example we expect to recover the N=8 formula as a function of 10 electric 



and 10 magnetic charges. We will derive this formula from special geometry in the case where 
two electric and two magnetic charges exists. Also we will set to zero the electric and magnetic 
charges of the other six U{1) gauge fields. This corresponds to a submanifold '^^[j'^'' x ^^^'^-^ 



5^(3,3) 



1/(1) 0{2)x0(2) 



5i7(3) X 5(7(3) X 1/(1)- 

The appropriate parametrization for a symplectic section in a covariant 0(2,2) basis is 

(X^,Fa = ^X^), XA = r/AsXs, 

where r^As = (++; ) is a Lorentz metric of 0(2, 2), 

X^Xa = 0, K = -\ni{S - S) -InX^Xj^ . 
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We choose the gauge X° = 1,X^ = and = po{ReX^),q\ = po{ReF\), moreover we 
choose t^, imaginary and t"^ real. The fixed point value of the central charge becomes |2'fixp = 
—Pq ImS'(l — (Ret^)^). This finally can be reduced to 



Ar~^J\ipl-pi){qi-qi] 



mom2eie3| 



(56) 



where we set mo = Po— P2, 1^2 = + Voi = — gi, 63 = gs + qi This gives the area formula for 



the solutions found in [T^, |2T|, and described in appropriate (attractor) variables in the next 
section. 



4 Examples of N=4,8 attractors 



As already mentioned in the Introduction, we will present here the well known black hole solutions 
of N=4,8 theories for the convenience of the reader but we will do it using the adequate variables 
so that the mass depends on moduli whereas the area obviously does not. To the best of our 
understanding, this form did not appeared before, neither for N=4 nor for N=8 case. We will 
call these variables "attractor variables" . 

N=4 dilaton dyonic black holes 0, ^] near the horizon give an example of a stable attractor. 
We follow here the description of the black holes near the horizon in |T^. All notations (up to 
the \/2 factors) are those of The action we will use is the part of the 5*0(4) version of the 
N=4, d = 4 supergravity action without axion. 



lOTT J 



(57) 



where the 50(4) field G^y is related to the 5f/(4) field G^u as follows 

i 1 



-9 



(5J 



This means that each time we have an electric 5*0(4) field, it correspond to the magnetic SU{4:) 
one and vise versa. For extreme supersymmetric dilatonic black holes, the fields are built out of 
two functions Hi and H2 H : 



ds^ 
A = ipdt 
F = di! Adt 
= HiH, 
^ = ±Hi' 



B = xdt , 
G = dxAdt . 
e^'^ = H2/H1 



X 



(59) 



where the condition on the functions Hi, H2 is that they be harmonic 



did.Hi = 



= . 



(60) 
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We use isotropic coordinates = and we define, as different from |]T3| and 



= e-'^« + , H2 = e+*« + y . (61) 



The metric becomes 



ft- = ft. = = + fe«. + = 1 + e^^^W±^ ^ M . (62) 



The dilaton is 



</>o I M 



e-'^ = ^ . (63) 



This explains everything: the mass defined by the 1/r term in this expression when r ^ oo 
depends on charges and moduh, whereas the area, defined by the 1/r^ term when r — > 0, depends 
only on the charges p and q. The mass M and the dilaton charge S are related to the U{1) 
electric q and magnetic p charges as 

M = i(e-'^o|p| +e'^°|g|) , S = i(e-'^«|p| - e-^olgl) . (64) 

Thus the black hole solution is characterized by three independent parameters: two charges p, q 
and the value of the dilaton at infinity In particular, the mass of the black hole depends on 
all three parameters. We will now find that the black hole solution near the horizon is described 
completely by the two charges: the value of the dilaton at infinity becomes irrelevant. No matter 
what was the value of the dilaton e"'^'' at infinity, near the horizon it is driven to the fixed point 
given by 

(e-^^)fix = ^ . 

\P\ 

Consider the extreme pq dilatonic black holes near the horizon, in the limit r ^ 0, i.e. in 
the limit 1/r = p —>■ (yo. The metric in (KPf) becomes 



\pq\ 

This metric is precisely the SR. metric. The dilaton for these solutions behaves as 

^-..,M(i^ °-"M-°*1^U 0(l/,-)). (66) 

\p\ \ \pq\p ) 

so we see that the term linear in 1/p is proportional to the dilaton charge E. The electric and 
magnetic fields are given by 

F =-drAdt , G = - dr A dt , (67) 
q p 

or equivalently, in terms of dual fields 

F = qsinOde Ad(j) , G = p sinO dO A d(j) . (68) 
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The dilaton has vanishing derivative at p — oo, which is a fixed point. The value of the dilaton 
given in eq. (|66| ) shows that close to the fixed point the dilaton has a positive derivative or a 
negative derivative depending on the sign of the dilaton charge E. An example of a basin of 
attraction for the dilaton is given in Fig. 1. Independently of initial conditions for the dilaton at 
infinity all trajectories are attracted to a fixed point (e~^'^)fix = 4 near r = 0. 



The example of the N=8 attractor is given using the truncated action of N=8 supergravity. 



The form of this solution is a slight modification of the one obtained in [|T8|, |I9|, . The 

modification makes the area independence of moduli manifest. 



S 



(fx^ (r - \ \{dr]f + {daf + {dpf 



(69) 



ds'' 



^lV^3X2X4 



-27J 



'Ms 
X2X4 



2a ^ ^1X4 
X2^3 



-2p 



ihX2 

^3X4 



Fi 



±d'ipi Adt , F2 = ±dxi Adt , F3 = ±dij3 A dt , F4 = ±dx4 A dt , (70) 



where 



^1 
^3 



'70+°'0+P0 Q 1 

e 2 H 

e 2 H 

V ^3 ^ 



-1 



6 2 + 

r2 , 

X4 = e 2 + ^ 

V ^^4 , 



-1 



(71) 
(72) 



and magnetic potentials correspond to F2/4 = e^^^'^~P^ F2i^ . Here * denotes the Hodge dual. We 
may keep in mind the standard definition of the moduli in terms of the constant values of S", T, U 
fields at infinity: 

e"* = Im^ , 



e~'"o = ImT , e-P° = ImU . 



The metric becomes 



At infinity r — »• 00 it is 



9tt^ = 9ii = e 



(V'lV'3X2X4 



,-1/2 



(73) 
(74) 



5'« =5'*i^l + ^(e 2 |gi|+e 2 |p2|+e 2 {q^l + e 2 (75) 

This shows that the mass depends heavily on the values of moduli, in addition to dependence on 
charges. However, near the horizon r we get a nice and simple dependence only on charges: 



9tt = 9v. 



\qi P2 qz P4 



1/2 



+ . . . 



(76) 



14 



which defines the properties of the area formula. The fixed point values of moduli at the attractor 
r ^ are 



P2 Pi 



P2 qs 



Pi gs 



qiP2 



The previous N=4 case is the special case of this solution with trivial T, U: 

kll = ksl , \P2\ = \P4\ ■ 

5 Discussion 



(77) 



In this paper we have found a complete description of N=2 d=4 attractors which serve to de- 
fine the entropy-area-central charge formula of the most general extremal black holes in N=2 
supergravity interacting with the arbitrary number of vector and hyper multiplets. 

To support our point of view that the extremization of the central charge in the moduli space 
is the generic phenomenon of any supersymmetric theory describing non-rotating black holes 
with the non-vanishing area of the horizon we discuss the extension of the above analysis, in five 
dimensions, when 5d black holes are considered. Details will be given elsewhere. 

In N=l case (which reduces to N=2 of d=4) the underlying geometry of vector multiplets is 
real |^ (called "very special geometry" in ref. ||2^). It is defined in terms of symmetric constants 
dABC which multiply the geometrical term 



UJ 



ABC 



A,B,C = 0,...,n^ , 

to build the (Iabc uj^^'" term in the effective action. The central charge is 

Z{z,q) = t'^{z)qA , 

where is subject to the constraint 



dABCnz)t^{z)t'^{z)=l. 

Here denote real coordinate of the n,, dimensional manifold with the metric 



^B 



(79) 



^0) 



(81) 



f82) 



where dAB(t{z)) = dABct'" (z), {dA = dABt^, dAdit^ = 0). Unbroken supersymmetry for the BTZ 
metric requires, as in d=4, 

diZ{tiz),q) = . (83) 

The BTZ mass is then Z{q) = Z {t{z), q) \d,z=Q- The area is proportional to Z^/^(g) and therefore 
it is possible to give a general expression at d=5 for N=l extremal black hole entropy: 



S = j- {Z{q)) 



3/2 
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where Z{q) is given below. This formula for particular choices of (Iabc' can be also applied to the 
N=2 (N=4 of d=4) d=5 black holes of type II strings, compactified on K^x Si, recently discussed 
in the literature EDI. The point is that there is a sector in common with the heterotic string 



compactified on x Si ||2^ which has N=l supersymmetry at d=5. The sector contains three 
vectors, the dual of B^^, B^^, g^Q and in the heterotic case gives two matter vectors and the 
graviphoton. By denoting by e^, ei, 62 their charges and using the vector parametrization of Z as 
in ref. it is straightforward to show that0 

Z\q^z=o ~ (e.eies)'/' , (85) 
and therefore 



Z^%^z=o-- ^QhQI , (86) 
where Qh = Cs, Qr ± Ql = ei, 62, Qp = Qji — Q\ = 6162 in notation of ref. 



The formula above is a particular case of a general formula for Z valid for any N=l, d=5 
theory which we report here 



{d^^'iqT'qAqB , A 



-1 



3/4 



^7) 



where (^d^^{q)^ = (^d"^^ {t{z))\g^z=(}^ ■ Equation (^) applies in particular to eleven dimen- 
sional supergravity compactified on Calabi-Yau threefold. 

It would be interesting to find the general class of 5d black holes with 1/2 of unbroken N=l, 
d=5 (N=2 of d=4) supersymmetry with the area of the horizon realizing the formula (|57D. 



It was emphasized over the years by Susskind |27| that the Bekenstein-Hawking entropy of a 



ground state of a system is a logarithm of a number of microstates of string theory. Therefore 
it cannot vary continuously and should depend on charges since the charges are discrete and not 
continuous parameters. This idea become particularly appealing from the time that the entropy 
of U (1)^ dilatonic black holes was shown to be proportional to the product of charges PQ in f/(l)^ 
theory [Q and to ^fBiOoP^i in U{lY case |jl8|. This idea was studied and further developed in 



The important property of the entropy of supersymmetric black holes was proved in [Q: ac- 
cording to supersymmetric non-renormalization theorem the entropy does not change when quan- 
tum corrections are taken into account (in theories where there are no supersymmetry anomalies). 
The basic reason for the supersymmetric non-renormalization theorem comes from the fact that 
the unbroken supersymmetry of the bosonic configuration is associated with the fermionic isome- 
trics in the superspace. Using Berezin's integration rules over anticommuting variables one can 
show the absence of quantum corrections to the effective euclidean on shell action related to the 
entropy. 



We conjecture in analogy with ref. ||2^ that the cubic expression in (^5|) is related to the cubic E(6) invariant 
of the d=5, N=4 theory (N=8 of d=4). 
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Quite recently a dramatic progress was achieved in the understanding the microstates of the 
string theory, which has allowed to compare the macroscopic and the microscopic calculation of 
the entropy |^ This again at the moment goes from one striking example to another. The 



most recent review of the known dyonic extremal black holes with the non-vanishing area can be 
found in [pOj] , 

We believe that the general property of extremization of the central charge in the moduli space 
which was found in this paper in the context of the four-dimensional N=2 supergravity and static 
extremal black holes may be generalized for higher supersymmetries, higher dimensions (like we 
have shown it in d=5 case) and rotating stationary black holes. It may become a universal 
principle, which will control the value of the area of the horizon and the Bekenstein-Hawking 
entropy of the extreme black holes and other extreme objects with the non-vanishing area of the 
horizon. This principle may finally make it possible to not merely accumulate various examples of 
amazing things happening with supersymmetric solitons but serve as a link between macroscopic 
and microscopic systems including black holes, strings, p-branes and d-branes. 
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Appendix: Resume on special geometry 



Symplectic sections are defined as 

(L^,Ma), A = 0,l,...n, (88) 

where (L, M) obey the symplectic constraint 

i(L^MA - L^Ma) = 1 . (89) 

L^{z,z) and Ma{z,z) depend on z,z, which are the coordinates of the "moduh space". Special 
geometry relations are 

Ma = AfA^L^ , 
DjMa = NaiiD-L'^ . (90) 

and Ma are covariantly holomorphic (with respect to Kahler connection), e.g. 

D^L^ - {dj, - ^K-,)L^ = . (91) 
This equation can be solved by setting 

The Kahler potential is 

X = - In i{X^FA - X^Fa) , (93) 
and the Kahler metric Gij — didiK with the inverse metric G^^ — G**. 

It is obvious that the ratios 

are holomorphic in the coordinates and gauge invariant 

d-kt^{z,z)^Q, t^^t^iz). (95) 

Consider now the quadratic matrix 

e^(z) = di^iz) , a = 1, . . . n, i° = 1 . (96) 

If is invertible we can choose a frame where 

e^{z)^St, t^^z^St, (97) 

i.e. the sections can be identified with the moduh coordinates {t^ are called special coor- 
dinates). In this frame one can further show that Fa is integrable, i.e. Fa = OaF, and that 
F{X) = (X^ffit) and ^9aF = (^/(t), Mt) = 2f(t) - t^dafit)). Since |Lo| = e''/''\X% by a 
Kahler transformation X^ — > X^e"-''^*) we can set X° = 1 and get |-^o| = e^/^ as in the conformal 
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gauge of 0. If e" is not invertible no prepotential exists in the chosen symplectic basis. This is 
what happens in some examples of Sec. 3. 

Note that X^[z) are subject to holomorphic redefinitions (sections of a holomorphic hne 
bundle): 

X\z) ^ X'^iz) e-^(^) , (98) 



so that 

L\z) ^ L\z) . (99) 

This occurs because = e^^'^X^ and K ^ K + f + f under Kahler transformations, so that 

Z{q,p,z)^Z{q,p,z)e^^^ . (100) 

We will show in what follows that DiZ = implies di\Z\ = 0. 

Generically Z is covariantly holomorphic: D^Z = {di — ^Ki)Z = 0, which leads to diZ = ^KiZ, 
however DiZ = [di + \Ki)Z ^ 0. Only at the fixed point we have to satisfy the constraint 
DiZ = 0, that implies DiZZ = 0, Di{ZZ) = 0. It follows that DiZZ + ZDiZ = {di + \Ki)ZZ + 
Z{di - \Ki)Z = diZZ + ZdiZ = di\Z\^ = 2\Z\di\Z\=0. 

\Z\ is both symplectic and Kahler gauge invariant, this is why the connection drops and 
DiZ = {DjZ = 0) entails di\Z\ = 0. 
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Figure 1: Evolution of the dilaton from various initial conditions at infinity to a common fixed 
point at r = 0. 




Figure 2: Extremum of the central charge in the moduli space. 



22 



